CHAPTER 2
Some aspects of Harmonic Numbers which divide the sum of its Positive divisors.
Introduction
Let ℋ be a set of harmonic numbers and let be a natural number. Then we have two possibilities.
(i)
ℋ 1 = the set of harmonic numbers such that . . , = (ii) ℋ 2 = the set of harmonic numbers such that . . , ≠
In 1948, O Ore [55] introduced the concept of harmonic numbers for the first time.
Let ( ) denote the harmonic mean of all divisors of a natural number such that
, where ( ) and ( ) denote the number of divisors of , and their sum, respectively. If ( ) is an integer then is a harmonic number.
In this Chapter, we consider some particular form of harmonic numbers such that . . , = . Three types of natural numbers which can be have been discussed and some propositions have been developed to understand the properties of these kind of numbers. We have shown that harmonic numbers of prime numbers of the form , 2 and does not exist if both and are odd primes. Further, some useful properties of the harmonic numbers of the form 2 , for some values of m have been discussed with the help of some propositions.
Some properties of the harmonic numbers of the form .
In this section, we have produced some related properties of harmonic numbers of the form such that . . . , = .
Proposition 2.2.1: 6 is the only harmonic number of the form , where and are distinct primes.
Proof: Let the number be = . Then = 1 + + + and = 4.
If divides ( ), then there exist some positive integer such that 1 + + + = .
Since is a harmonic number, | = 4. Then the possible values of are 1,2 and 4. But ≠ 1.If = 1 , 1 + + = 0, which is not possible. If (3 − 1)|( + 1) , then 1 + > 3 − 1 ⟹ 2 < 2, which is not possible.
Therefore must be equal to
Also, we have − 1 |( + 1) and − 1 |( − 1)
which is possible when − 1 = 1 and −1 = 2, that is, = 2 and 3 If = 2 and 3, then the corresponding = 1+ −1 are 3 and 2 respectively.
In any case, the only possible values of and are 2 and 3 or 3 and 2. So, = 2 × 3 = 6 is the only harmonic number of the form . ∎ 
Since is a harmonic number so | = 6 .Then the possible values of are 1,2,3 and 6. ≠ 1. For = 1 we have ( ) = .This implies that The possible form of (2.2.6) are, either + 1 = 2 2 , = 1 or + 1 = 2 , = .
If + 1 = 2 2 and = 1 then (2.2.4) becomes The possible form of + 1, satisfying (2.2.9) are 2,3 2 , 6, 2 , 2 , 3 , 2 2 , 3 , 6 , , 6 2 , 1 . We have seen that these order pair elements does not satisfy the equation (2.2.5) .
Hence, there is no odd prime such that = 2 and 6.
Case 2.2(b):
Next, we assume that is an even prime i.e. = 2. Then (2.2.5) is
So, = 7 is the only choice.
Case 2.2(c):
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If is even, then must be odd as and are distinct primes. Then (2.2.5) is not true for even value of and odd value of . Therefore, cannot be even.
Thus, from the above three cases, we have seen that, the only possible choice of and are: = 2 and = 7 and hence 28 = 2 2 . 7 is the only form of 2 . 
∎
If −1 > 2 then 2 − 2 < , which implies that < 2, not possible.
If −1 = 2 then = 2. When = 2 , < 4,(from 2.2.16) which is not possible , because is an odd prime.
If −1 < 2 , then again we have two possible choice −1 < => 1.5
If −1 > 1.5 then < 3 , it means that = 2 can be considered.
If −1 = 1.5 then = 3 .
Thus, when −1 ≥ 1.5 , < 3 (from 2.2.16) yields ≤ 2 If −1 < 1.5 then > 3, we have < 3 yields ≤ 2
Hence from (2.2.16) we have ≤ 2 . Therefore, either = 1 or = 2
, which is not possible. (1 + ).
Let us assume that is a perfect number and so | ( ). Then . Also, we have
. Then the other possibilities are, either
The left side of (2. In this section, we consider a number of the form 2 , and are primes and , are some natural numbers and produced some results. Here, in some parts we used MATHEMATICA 7.0.1. for analysis the result. (1 + ) and = 2( + 1)
Since . . . , = , three exists a positive integer 1 such that
With the help of MATHEMATICA software, a search technique is done by choosing some values of + 1 such that 2 +1 − 1 is a prime number. With that regards, + 1 assumed to be a prime itself. Let the prime be = 2 +1 − 1.Then is an odd prime, so 1 + + 2 is also odd.
Hence 2 ∤ (1 + + 2 ) and 2 ∤ (2 +1 − 1).
Thus, we have seen that ( ) is not an integer.
i.e. . . , = gives ( ) = 1 (say), a positive integer.
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Proceeding as in the Prop. (2.3.3), easily we can prove that ( ) is not an integer, which means that the number will not form any harmonic numbers.
∎ Proposition 2.3.4:
There is no harmonic number of the form 2 3 in the interval [1, 10 76 ] for any odd prime and a natural number .
Proof: Let the number be = 2 3 . Then = 2 +1 − 1 1 + + 2 + 3 and = 4( + 1).
Since . . . , = , there exists a positive integer 1 such that We shall show that left hand side of (2.3.16) is not integer.
Since , are odd primes and 2 +1 − 1 is an odd natural number, therefore either 2 +1 |1 + or |(1 + + 2 ). If possible, let 2 +1 |1 + .
Then for some positive integer , Since > 1 and 2 +1 − 1 > 1, then must be equal to 1 and = 2 +1 − 1 = . Now = 1 + + 2 ⟹ = 1 + + 2 for = 1 ⟹ 2 +1 − 1 = 1 + + 2 ⟹ 2 +1 − = 2 + 2 ⟹ 2 +1 − 1 = 2 + 2 ⟹ 2 = 2 + 2 , which is not possible.
Next, we assume that = 1.
Then (2.3.17) will be = 2 +1 − 1 and (2.3.21) can be written as 2 +1 − 1 2 = 1 (2.3.22) If = 1, (2.3.22) reduces to 2 = 2 +1 − 1 = and the (2.3.20) reduces to = 1 + + 2 or 2 = 1 + + 2 which gives = −1 which is not possible again.
If > 1 , again there are two possibilities, either = or = 2 .
57 If = 2 , (2.3.22) will produce an absurd result, as 2 +1 − 1 = 1, which gives = 0, not possible.
Hence, (2.3.20) can be written as 2 = 1 + + 2 for = , which implies that = −1,which is not true. This shows that, (2.3.16) cannot be an integer.
Thus, there exist no natural number of the form = 2 2 such that = 3 1 + = ( Since ≥ 1 and for odd distinct primes , , the left hand side of (2.3.25) is an even number, which is not possible. Therefore, must be equal to + 1.
For 1 > 1, does not divide 2 +1 − 1, so, the only possibility is | =2
, for some natural number .
From (2.3.24) and (2.3.25) we have 2 +1 − 1 1 2 = 1
The only possibility is 2 +1 − 1 = 1 , = 2 , 1 = 3 , where 1 + 2 + 3 = 2 and ≥ 0, = 1,2,3
which is not possible. Hence the result. For example: If we consider = 3 then some harmonic numbers of the form 2 2 are 2 12 3 2 2 13 − 1 , 2 30 5 2 2 31 − 1 for some values of .
Similarly, if = 1 some harmonic numbers of the said form are 2 126 19 2 2 127 − 1 , 2 60 13 2 2 61 − 1 ,2 18 7 2 2 19 − 1 for some values of .
Harmonic numbers of the form … … .
In this section, we have extended the number to the form of 2 1 2 … … . for odd distinct primes ( = 1,2, … . , ), ∈ ℕ .
Proposition 2.4.1: Given a natural number of the form 1 2 … … . . where ′ are odd distinct primes. If one of the prime of ( = 1,2, … . , ) is 2 +1 − 1 , then ( ) ≠ for = 2 , is odd .
Proof: Given that = 2 1 2 … … . . .
. Let 1 = 2 +1 − 1 be one of the prime of ( = 1,2, … . , )
which is not possible as the left hand side of (2.4.1) is even and the right hand side of (2.4.1) is odd. Therefore, we cannot assume = 2 . In other words, ≠ for = 2 . ∎ Proposition 2.4.2: Let = 2 1 2 … … . . , ∈ ℕ be a given natural number.
Then ≠ 2 for odd distinct primes ( = 1,2, … , )
Proof: Without loss of generality, we may assume that
(2.4.2) Clearly ∤ 1 + , ∀ = 1,2, … . . , as > , ∀ = 1,2, … . . , − 1.
Therefore, the only possible division is |2 +1 − 1. Let 2 +1 − 1 = , ≥ 1.
Similarly, −1 ∤ 1 + , ∀ = 1,2, … . . , − 1 as −1 > , ∀ = 1,2, … . . , − 2.
Then the only possibility is −1 |2 +1 − 1 + .Let 2 +1 − 1 + = −1 −1, −1 ≥ 1.
Then (2.4.2) can be written as
Continuing in this way, at the th stage,(where the remaining primes are 1 , 2 … … … … … . )
We have , where all 's are odd primes. Briefly, we describe a procedure to search a harmonic number of the said form.
Step 1: Factorize the number 2 +1 − 1 as a product of primes and suppose that 2 +1 − 1 = ( 1 2 … … −1 ) = , where = 1 2 … … −1 . We may allow, if the prime factors of 2 +1 − 1 contains 2 as a prime or a prime of the form say, , ≥ 1. We consider the highest prime of the factorization of 2 +1 − 1 and suppose that, the prime is the highest. Let 2 +1 − 1 = .
Step 2: We repeat step1, and the number 2 +1 − 1 + as a product of primes. In fact, the prime factors of 2 +1 − 1 except the highest prime will also be the prime factors of 2 +1 − 1 + , for which we never lost any primes at any stage of iteration. Repeating the above process and suppose, at the -th stage, we consider the prime factors of 2 +1 − 1 + = . We choose the highest one prime provided in the factorization all the prime factors other than the prime factors of + 1 are square free. We end the process when 2 +1 − 1 + = has only prime factor 2.
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Harmonic mean ( ) of these numbers will be of the form 1 2 … . . 2 , for some ,where 1, 2, … . . , are some of the prime factors of + 1. Since the searching process is dependent only on the values of , it takes less time to search the numbers of the said form in case of higher range of intervals. We have checked in the version of MATHEMATICA7.0.1, that there is no harmonic numbers of the said form whose harmonic mean is ( + 1)2 for some values of in the interval [1,10 100 ]. * * * * *
